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ABSTRACT. The aim of the article is to construct and analyze a
statistical estimator for the real-valued impulse response function
(IRF) of a time-invariant continuous linear system, and to establish
its properties of asymptotic unbiasedness and consistency. The esti-
mation of the response function is performed using a sample input-
output cross-correlogram approach. The input signal is modeled as a
stationary zero-mean Gaussian stochastic process, represented as a
trimmed Fourier series using a trigonometric orthonormal basis. The
study employs functional analysis and probability theory to derive
upper bounds for the mathematical expectation and variance of the
proposed estimator. The study establishes that the proposed integral
cross-correlogram estimator is asymptotically unbiased as the cutoff
level N approaches infinity. Furthermore, by evaluating the upper
bounds of the bias and variance, it is proven that the estimator is
consistent in the mean square sense as both the cutoff level NV and the
averaging interval length T approach infinity. The proposed approach
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offers a rigorous mathematical framework for system identification
applicable to signal processing, automatic control, econometrics, and
oceanology. The use of a Fourier series representation makes this
method particularly effective for analyzing linear systems driven by
periodic or quasi-periodic input signals.

KEYWORDS: impulse response function, cross-correlogram, consistency,
Fourier series.

AHOTALISA. Meroio crarTi € moby0Ba Ta aHAJII3 CTATUCTUIHOL OIiH-
KU i jificHol immysbenol nepexiguol dyskuil (III®D) uaco-insa-
PlaHTHOI HENlEPEPBHOI JIIHINHOI CHCTEMU, a TaKOXK JIOBEJIEHHS 11 acCUM-
[ITOTUYHOI HE3CYHEHOCT] Ta CJIyHOCT] (KoH3ucrenTHOCT ). OninoBa-
HHSI TIepexiTHOT (DYHKITT 3/1IHCHIOETHCST 38, JOIMMOMOIOI0 METOIY KPOC-
KOpeJorpaMu BXia-Buxid. BximgHuit curmaa MOIETIOETHCS STK CTAIlio-
HApHUN TayCcCIBCbKUI BUIAKOBUIM IIPOIEC i3 HYJBOBUM CEPEJIHIM,
rpejictaBiaeHui 3pizanum psgom Pyp’e 3a TPUTOHOMETPUIHUM OPTO-
HOPMOBaHUM 0a3ucoM. ¥ poOOTi 3aCTOCOBAHO METOMU (DYHKITIOHAIb-
HOT'O aHAJI3y Ta Teopil IMOBIpHOCTE /11 BUBEJIEHHST BEPXHIX OIIHOK
MaTEeMATUIHOTO CIOJIIBAHHS Ta Juciepcii. BecranosiieHo, mo 3ampo-
[IOHOBAHA IHTErpajbHa OIIHKA KPOC-KOPEJIOrPAMH € ACHMIITOTHIHO
HE3CYHEHOIO TIpU MPsIMYBAHHI PiBHA 3pizamus N 10 HECKIHIEHHOCTI.
Kpim Toro, Ha oCHOBI OTpUMaHNUX BEPXHIX OI[IHOK 3MIIEHHS Ta JIC-
repcii JJOBeJIeHO, IO OIHKA € CJIYIITHOIO Y CepeTHbOMY KBaIPATUTHO-
My CEHCI IpH OJHOYACHOMY HpsAMYyBaHHI N Ta JOBXKWHU iHTEpBaJLy
ycepenuerHs 1’ 10 HECKIHYEHHOCTI. 3apOITIOHOBAHUIA TIi[Xi 1 CTBOPIOE
CTPOTry MaTeMaTHIHy 0a3y T imenTudikarii cucreM, 1Mo Moxke 0y Tu
3aCTOCOBaHa B 0OPOOIT CUTHAJIIB, ABTOMATHIHOMY KepyBaHHi, €KOHO-
METPHUIIl Ta OKeaHoJoril. BUKOpUCTaHHS TIPEJICTABICHHS y BUIJISJIL
psay @Pyp’e poburh 1eii MeTo, 0cOOMBO e(DEKTUBHUM J[JIs AHAJI3Y
CHCTEM i3 TepioAuIHIMEI ab0 KBa3IMepIOTUIHIMI BXITHUMHI CUTHA-
JIaMm.

KJIFOYOBI CJIOBA: imMITy/IbCcHA TiepexigHa (pyHKITiS, KPOC-KOpeaIorpaMma,
KOH3UCTEHTHICTh, pag Dyp’e.

1. INTRODUCTION

The estimation of stochastic linear systems driven by impulse response functi-
ons (IRFs) has been a prominent area of research with applications spanni-
ng signal processing, automatic control, econometrics, and oceanology. Vari-
ous statistical and deterministic methods have been employed to estimate the
IRF from observations of a single-input single-output (SISO) system, including
perturbing the system with stationary stochastic processes [IJ.

Buldygin and colleagues developed methods for estimating the unknown
impulse response function of linear systems relying on the construction of a
sample cross-correlogram between the input stochastic process and the system’s
response [2], [3], [4]. Further developments for integral-type cross-correlogram
estimators, including supremum error inequalities, new estimator construction
methods, and hypothesis testing, were explored in [5], [6], [7], [8].
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This paper considers a time-invariant continuous linear system with a real-
valued impulse response function defined on a bounded domain. The estimator
of the response function is based on a single observation of the input-output
cross-correlogram. The input processes are assumed to be zero-mean stati-
onary Gaussian processes, represented as trimmed Fourier series. The estimator
depends on the averaging interval length T for the cross-correlogram and the
cutoff level NV for the input signal. The asymptotic unbiasedness of the esti-
mator as N — oo and its consistency as N — oo and T' — oo are investigated.

The paper is organized as follows. Section 2 introduces the main defini-
tions, describes the input process using a trigonometric orthonormal basis,
derives upper bounds for the mathematical expectation and variance of the
cross-correlogram estimator, and establishes its asymptotic unbiasedness and
consistency. Section 3 contains concluding remarks.

2. ESTIMATING THE IMPULSE RESPONSE FUNCTION AND ITS CONSISTENCY

Consider a time-invariant continuous linear system characterized by a real-
valued, square-integrable impulse response function (IRF) H(7), defined on a
finite domain 7 € [0, A]. This implies that the system’s response Y (¢) to an
input signal X (¢), where ¢ € R, is given by:

Y(t) = /OA H()X(t—7)dr, tER, (1)

with H € Ly([0,A]). A key problem in linear system theory is estimating the
function H from observations of the system’s responses to specific input si-
gnals. In this paper, we employ a cross-correlogram approach to estimate the
unknown IRF H. First, we describe the input process, which is constructed
using a trigonometric orthonormal basis.

Let the following system of functions be a trigonometric orthonormal basis

in Lo ([0, A]):
{\}K,\/icos (T),ﬁm(”}”),km}. (2)

Now, consider as the input to the linear system a real-valued, Gaussian,
stationary, zero-mean stochastic process X = Xy = (Xy(u), v € R), which
can be expressed as:

Xy (u) = \/zé (gk cos (27“) + g sin (2’“1:“)) , ueR, (3)

where N > 0 is a fixed integer, and & and n;, are uncorrelated Gaussian random
variables for k > 0, satisfying E¢;, = En, = 0 and E¢? = Enf = 1.

Remark 1. The input signal Xy (¢) can be viewed as a model of a stochastic
process that can be expanded into a series over a given orthonormal basis.
For further details on constructing such models with specified accuracy and
reliability, we refer readers to [9], [10], [11], [12], [13], [14], and [15].
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Let us find the covariance function of the stationary process X . Using the
properties of the random variables &, and 7, we have:

EXx () Xn(s) = E [i(igk cos (2’17”5) + ENjnk sin <2’rt> )
(Soem () + Xowwm (4]
o () (25) (5

N

Thus, the covariance function rN(t —s5) =EXpN(t)Xn(s) is given by:

Nt 3) AZ (2]{7rt—8)>. (1)

When the system (|1)) is perturbed by the stochastic process Xy, the corres-
ponding output process is:

A
_ /0 H(r)Xy(t —7)dr.

Let ag represent the system’s output for a constant signal, defined as:

1 A
w0 = /0 H(t) dt. (5)

H*(t) = H(T) — ayp. (6)
As an estimator for the difference H*(7) between the IRF and ag, we consider
the integral cross-correlogram:

Define:

. 1 [T
H(r) = yra(n) = 7 [ Yn(®Xnlt - 7)at @
0
where T' > 0 is the averaging parameter.

Remark 2. The integral in is interpreted as a mean-square Riemann
integral. This integral exists if and only if the following Riemann integral exists

(see [16]):
A pA
/0 /0 H(t)rn(s —7)H(s)dsdr. (8)

The covariance function of the process Xy is given by . Since the tri-
gonometric functions (2)) form an orthonormal basis in Lo([0,A]) and H €
Lo([0,A]), the integral (8) exists. Consequently, the integral in also exists.

36



ON CONSISTENCY FOR THE ESTIMATOR

Now, define:

ak—\/>/ Hit <2’m) dt, bk_\/>/ H(t '<2k”t) dt. (9)

Since H € L»([0,A]), the function H can be expanded into a Fourier series
using the trigonometric orthonormal basis (2 . on the interval [0, A]. This yields:

Ht):\‘;%Jr\/zg <akcos (T) + by sin (2117“)) (10)

where a; and by, are as defined in @

Remark 3. By the Riesz—Fischer theorem (see [17]), the series converges
in the mean squared sense. If H(t) and its derivative H'(t) are continuous, the
convergence in can also be considered in the pointwise and uniform senses.

Lemma 1. The following relations hold:

EHN7A(T) =

N
2 2kmT . 2kmT
:,/Agl(akcos( A )—i—lmsm( A >>, T e€[0,A], (11)
and

H*(7) —EHN7A(T) =

\/7 > (akCOS< M) bk51n<2kXTT>>, re0,A]. (12)

k=N+1

Proof. 1t is obvious that the estimator H ~N.1,A(T) is biased in the general case.
Indeed,

A
BAyma(r) = 7 /OTE[YNa)XN(t—r)]dt: | #E = 3

Substituting in the values from and , we have

i o () 5
a2
_ ii <cos <2T> /0 " Hw) cos <2T’> d
+5in (2””) /A H(v) sin (”Z”) dv>
R o2 o 22)
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Let (1) = \/%cos (2577 and (1) = |/ % sin (227). Then,

N
EHnra(r) = (er(m)ag + Pr(r)by) .
k=1

Therefore, relation is proved.
Equalities and imply

H* (1) —BHyra(r) = > (er(Nar+ r(r)by), 7 €[0,A]
k=N+1
The lemma is completely proved. O

Consider the following conditions:
Condition A. The function H(7) is twice differentiable on [0, A]. The functi-
ons H(7) and H'(7) are continuous on [0, A], and:

A
I = Io(A) = /0 H(r)| dr < oo,

I = I(A)= (/OA|H’(T)\2dT>1/2 < o0,

A
Ih, = IQ(A)—/ ’H”(T)’d7'<00.
0

Condition B. The following relation holds:

Remark 4. Condition B implies that the effect of the impulse on the interval

[0, A] must fully dissipate. If this condition is not met, the graph can be rotated

H(A)—H(0)
by an angle arctan ———x——.

Define:
d= [H'(0)] + [H'(A)]. (14)

Theorem 1 (Kozachenko Yu., Rozora 1., [I8]). Assume that Conditions A and
B are satisfied. Then:

[H(7) = BHNTA(| < —— 55— (15)
A 3A3I2 (72 17
VarHn 1 a(T) < A\ TN/ (16)

where I1(A) and I2(A) are defined in Condition A.
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Proof. From and @ it follows that

o0

H*(7) —=BHnrA(T) = Y (pr(T)ar + ¢r(r)br)

k= N+1

2 < <2k7ru> <2k7r7'>
= — COS CcOs
k N+1
( o (R0
+ sin sin

Z / H(u cos<2]”(A )>du. (17)

k N+1

Estimate now the integral in the equality above using first partial integration
and condition B:

!AAH@oaB<””%(’ﬂ>du
- <H( )2;{; sin (W) : 2k‘7r/ H'(u) sin (W) d“)
- / 'wysin (2T ) au
_A cos <2fm(x— T)>

S / - <2kw<x—f)> du)

_ (H'(0) cos(2knt/A) — cos(2kn7 /A)H'(A)) A2
(2k)?

_ (22\;)2 /OA H"(u) cos <%7T(X_T)> du. (18)

Then by conditions A, B, notation and relationship we obtain

A

|
)
x5
3
/l—\
e &
3

0

2A(d + 1)
< - 1
lon(T)ar + i (T)bk| < (k)2 (19)
Relations and imply that
R o0
|H*(7) = BHNrA (M) < Y [or(T)ar + tr(7) bl
k=N+1

SM Z i (20)

272
k=N-+1
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Since
> | 1
Z Z deaz < Z ?d:c = o —dr = N’ (21)
k:N+1 E=N+17 k1 k=N+17Fk—1

then the biasness of Hy 7 (7) to the parameter H*(7) can be evaluated as

A(d+ Ip)

[H(7) = EHNA(] = — 557

and inequality is completely proved.
To estimate the variance, we proceed as follows. Denote

Rp(t,s) = / / H(v)H (u)ry(t — s + u — v)dudv,
Ri(t,s,7) = /OH(U)TN(t—s—f—T—v)dv, (22)

A
Ro(t,s,7) = /H(u)rN(s—t—l-T—u)du,
0

V(IT'HNTA

// [/ / H(v)H(w)ry(t — s +u—v)dudv - ry(t — s)

/H Jra(t —s+1—wv)dv- / H(u rN(s—t—FT—u)du]dtds

T2</ / Ry (t,s)rn(t — s)dtds

+/0 /0 Rl(t,s,T)-RQ(t,S,T)dtd5>~ (23)

By ({]) we have

H(t,s) = //H wry (t — s +u — v)dudv
ii(/ H(u cos<2k”(f\+“>du/ H(v cos<2k”(z+”)>du

k=1

+/OAH(U)Sin<2k7rt+u> /H Sm( (i—i—v))dv)

% (CH(t) H( )+3H( )SH(S))v (24)
k=1

where

cr(t) = /0 ! H (u) cos (W) du, sp(t) = /O ! H(u) sin (W) du.
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Similarly to we can estimate the functions cy(¢) and spg(t). Really, it
follows from conditions A, B

<2l<:7r(i+ u)> du'
B ‘(H<u)2k7r sin <%7T(Au+t)> 0 2k7r/ H'(u)sin <W> du)
[ o ()

< gty ([ o) ([ ()

ler (t)| =

_ AL(A) A
= —. (2
2k 2 (25)
The same evaluation could be made for sg(t)
AL(A) [A
1) < —. 2
sn(0)] < S22 )3 (26)
Using a similar method for estimation as in , it is easy to prove that
N
1 7 1
— < — - . 27
D 0
k=1
Then substituting and into and using we obtain
2
ALI(A) [A
t <
Bult;s) < AZ< ok \ 2>
A%1? 1 A212 21
= < H(5-%), (28)
27‘(‘2 k:2 272 \ 6 N

that doesn’t depend on ¢ and s. To evaluate the first summand in VarH N.T, A(T),
find now

1 (T T
T2/ / rn(t — s)dtds
o Jo
N T 2 T 2
2 2kt . 2kt
_T2Akz;1<</0 cos(A)dt> —i—(/o sm<A>dt>>
_2% A (2T A oknT\ A’
T r2h &\ \ 2k TR 2kr P\ A 2

B A N 2—2cos(2k]\rT) < 2A 2 1 (29)
Cop2T2 P k2 —m272\6 N/’
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Ry(t,s T):/O H)ry(t—s+71—v)dv

( (2k7rt+r>/ Hv <2k:7rs+v)
o (B22) [ ()

4
ii( (2k7rt+7)>CH(5)+si (%mw) )
< Il\/XiCOS (2k7r(t+7')> 1 sin ( t+¢) )

>\l\3

—rmV 2
k=1
Similarly,
N 2km(s+71) . 2km(s+7)
I, /A Ccos <7A ) —+ sin (7/\ )
t < =0/ = 1
Raitsr) < 253 . (31)

By @). @). @). G, and @) we have

VarﬁMT,A(T)
1 T T
=7 </0 /0 Ry(t,s)rn(t — s)dtds
T T
—i—/ / Ri(t,s,7) - Ra(t, s,7‘)dtds>
o Jo
(MR 1YY (2 (21
—\ 272 \6 N T2\ 6 N
1 (n (A1 T 2km(t+ 1) 2km(t+ 1) ’
1 .
i (B [ o (D) (A)M)
NI} (721 1 201 A \[
< L -
- 17 < 6 N) Z k2

3A3112 2 1\
< — .
= wiT? <6 N) (32)

The theorem is proven. ([

Remark 5. From Theorem [1}, it directly follows that the estimator H NTA(T)
is asymptotically unbiased. Indeed, as N — oo, the upper bound for the bias
in tends to zero.

Furthermore, as both N — oo and T' — oo, the variance in tends to zero.
Combined with the asymptotic unbiasedness, this proves that the estimator
H N,1,A(T) is consistent in the mean square sense.
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3. CONCLUSION

In this paper, we examined a time-invariant continuous linear system charac-
terized by a real-valued impulse response function (IRF) defined on the fini-
te interval [0, A]. We employed a cross-correlogram approach to estimate the
unknown IRF, modeling the input signal as a zero-mean Gaussian stochastic
process expanded into a trimmed Fourier series using a trigonometric ortho-
normal basis.

We derived explicit analytical expressions and upper bounds for the mathema-
tical expectation and variance of the proposed estimator. Based on these charac-
teristics, we established the fundamental statistical properties of the estimator:
we proved its asymptotic unbiasedness as the cutoff level N — oo, and demon-
strated its consistency in the mean square sense as both N — oo and the
averaging interval T — oc.

For future research, we plan to explore scenarios involving discretely observed
processes, which represent a more realistic setting in functional data analysis
and practical applications.

The authors declare that there is no conflict of interest concerning the publication of this
article.
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