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Abstract. The aim of the article is to derive sufficient conditions for
stability and convergence of solutions to systems of differential equa-
tions that model neurodynamic processes, in particular the learning
and operation dynamics of Hopfield neural networks. The analysis of
asymptotic stability and convergence is based on Lyapunov’s second
method. Appropriate Lyapunov functions are constructed for the
considered models, estimates for the derivative along trajectories are
obtained, and conditions are formulated under which trajectories ap-
proach stationary regimes. The proposed approach extends the clas-
sical stability theory, which typically focuses on the stability of an
individual trajectory (most often an equilibrium point), to the case
of neurodynamic processes. Sufficient conditions for asymptotic sta-
bility of equilibrium states and for convergence of solutions to these
equilibria are derived for systems of differential equations describing
neurodynamic dynamics. For Hopfield network models, criteria are
established that guarantee the decrease of a corresponding Lyapunov
functional and, consequently, the convergence of learning and oper-
ating processes to stationary regimes. The obtained conditions are
presented in a form suitable for verification in terms of model pa-
rameters and properties of the interconnection matrix. The derived
stability and convergence criteria can be used in the design and tun-
ing of Hopfield neural networks and related neurodynamic models to
ensure guaranteed convergence of the learning process and stability
of operating modes, as well as for parameter selection and validation
in applied problems of information processing and optimization.

c© Т.I. Шакотько, 2026. This is an open-access article distributed under the terms of
Creative Commons Attribution Licence (CC BY).
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Анотацiя. Метою статтi є отримання достатнiх умов стiйкостi
та збiжностi розв’язкiв систем диференцiальних рiвнянь, що моде-
люють процеси нейродинамiки, зокрема процеси навчання та функ-
цiонування нейронних мереж Гопфiлда. Для аналiзу асимптотич-
ної стiйкостi та збiжностi використано апарат другого методу
Ляпунова: побудовано функцiї Ляпунова для вiдповiдних моделей,
отримано оцiнки похiдної вздовж траєкторiй та сформульовано
умови, за яких траєкторiї прямують до стацiонарних режимiв.
Узагальнено пiдхiд класичної теорiї стiйкостi, яка зазвичай зосе-
реджується на стiйкостi окремої траєкторiї (переважно точки
рiвноваги), на випадок динамiчних процесiв нейродинамiки. Ви-
ведено достатнi умови асимптотичної стiйкостi рiвноважних ста-
нiв та умов збiжностi розв’язкiв до них для систем диференцiаль-
них рiвнянь, що описують нейродинамiчнi процеси. Для моделей
нейронних мереж Гопфiлда встановлено критерiї, якi гарантують
спадання вiдповiдного функцiоналу Ляпунова та, як наслiдок,
збiжнiсть процесiв навчання i функцiонування мережi до стацiо-
нарних режимiв. Отриманi умови подано у формi, придатнiй для
перевiрки за параметрами моделi та характеристиками матрицi
зв’язкiв. Сформульованi критерiї стiйкостi та збiжностi можуть
бути використанi пiд час проєктування i налаштування нейронних
мереж Гопфiлда та спорiднених нейродинамiчних моделей для
забезпечення гарантованої збiжностi процесу навчання й стабiль-
ностi режимiв роботи, а також для аналiзу коректностi вибору
параметрiв у прикладних задачах обробки iнформацiї та оптимi-
зацiї.
Ключовi слова: диференцiальнi рiвняння, стiйкiсть, нейроди-
намiка, мережа Гопфiлда.

1. Introduction

The area of research in which neural networks are studied as nonlinear dy-
namical systems, with primary emphasis on stability and convergence problems,
is referred to as neurodynamics. Classical stability theory typically addresses
the stability of an individual trajectory, usually an equilibrium point. Accord-
ingly, most traditional models focus on dynamical systems — differential or
difference equations — with a single equilibrium.

When systems possess multiple equilibrium points, the concept of struc-
turally stable (rough) systems arises. While necessary and sufficient conditions
for structural stability are known for planar nonlinear systems, no such gen-
eral criteria exist for high-dimensional systems. The systems of equations that
describe neurodynamic processes are typically of very high dimension, which
makes the direct application of classical stability methods problematic. In par-
ticular, traditional analytical techniques face fundamental difficulties caused by
high dimensionality.
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For this reason, neurodynamic models are often treated as weakly nonlinear
systems, that is, systems with a distinguished linear part and nonlinearities
confined to a sufficiently small sector.

In the case of sufficiently weak nonlinearity, the global stability of the equilib-
rium of the nonlinear system follows from the asymptotic stability of its linear
approximation. Consequently, the convergence of learning processes can also
be guaranteed.

The next important aspect in the study of neurodynamic processes is the
presence of an aftereffect, or time delay. Real processes do not occur instan-
taneously; therefore, neglecting delay effects may lead to incorrect conclusions
when analysing the dynamics of learning and pattern recognition [1].

In this paper, we derive conditions for the stability and convergence of solu-
tions to systems of differential equations that describe neurodynamic processes.

For the study of the asymptotic stability of learning processes and the func-
tioning of Hopfield neural networks, Lyapunov’s second method is employed.
The analysis is carried out in two stages: first, the Hopfield model is considered;
second, the corresponding class of nonlinear dynamical systems in the space Rn

is investigated.

2. Literature review

The foundational neurodynamic model of associative memory is the Hopfield
neural network, introduced and analysed from a dynamical-systems viewpoint
in [1]. Approaches to global stability of weakly nonlinear systems under sector
constraints and Lyapunov-function constructions of the Lurie–Postnikov type
are widely used in nonlinear control and neurodynamics, and their computa-
tional verification aspects motivate optimization-based formulations; see, for
instance, [2, 3].

2. The aim of the article

The aim of the article is to derive conditions for the stability and convergence
of solutions to systems of differential equations that describe neurodynamic
processes, in particular the learning and operation dynamics of Hopfield neural
networks.

3. Methods

The study is based on Lyapunov’s second method. The models are reduced
to perturbation form near the equilibrium by a translation of variables, and
nonlinearities are assumed to satisfy sector conditions.

A Lyapunov function of the Lurie–Postnikov type is constructed as a sum of
quadratic terms and integral terms.

The total derivative of the Lyapunov function along trajectories is rewritten
as a quadratic form involving an augmented matrix, and sufficient conditions
for global asymptotic stability are obtained from the positive definiteness of a
matrix sum that incorporates additional sector constraints.
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4. Results
1. Hopfield Model. The Hopfield neural network consists of a set of neu-

rons forming a system with multiple feedback connections, where the number
of feedbacks equals the number of neurons. The output of each neuron is fed,
through a unit delay element, to all other neurons in the network, while self-
feedback connections are absent [1, p. 856].

Under these assumptions, the dynamical equations of the network can be
written in the form

Civ̇i(t) = −vi(t)
Ri

+
n∑

j=1

ωij ϕj (vj(t)) + Ii, (1)

A Hopfield network possesses a dynamical equilibrium if its input corresponds
to a pattern that is mapped onto itself. From a physical viewpoint, the total
energy of the system at such a state attains a minimum. The corresponding
energy function, which serves as a Lyapunov function, can be represented as
the sum of kinetic and potential energy terms,

V (y) =
1

2

n∑
i,j=1

wijyiyj +
n∑

k=1

δk yk, (2)

As follows from the theorems of Lyapunov’s second method, the stationary
state of the network is asymptotically stable if the Lyapunov function is positive
definite and its total derivative along the system trajectories is negative definite.

In this paper, we investigate continuous Hopfield neural networks (CHNNs)
without delay of the form [1]

Ciẏi(t) = − 1

Ri
yi(t) +

n∑
j=1

vijϕ
(
yj(t)

)
+ Ii, t ≥ 0, i = 1, . . . , n,

whereas, if the signal processing time is taken into account, systems of differential-
difference equations with delay are considered,

Ciẏi(t) = − 1

Ri
yi(t) +

n∑
j=1

vijϕj

(
yj(t− τ)

)
+ Ii, t ≥ 0, i = 1, . . . , n. (3)

Here n denotes the number of neurons in the network, vector

y(t) = (y1(t), y2(t), . . . , yn(t))>

is the network state vector at time t > 0, and Ri, Ci, and Ii, i = 1, . . . , n,
are the resistance, capacitance, and external input current of the i-th neuron,
respectively.

By introducing the substitutions

ai =
1

RiCi
, bij =

vij
Ci
, ci =

Ii
Ci
, i, j = 1, . . . , n,

systems (1) and (2) can be reduced to the standard form

ẏi(t) = −aiyi(t) +

n∑
j=1

bijϕ
(
yj(t)

)
+ ci, t ≥ 0, i = 1, . . . , n.
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If the delay time is taken into account, the corresponding system takes the
form

ẏi(t) = −aiyi(t) +
n∑

j=1

bijϕ
(
yj(t− τ)

)
+ ci, t ≥ 0, i = 1, . . . , n.

2. Systems in Rn. In the general case, a dynamical model of a neural
network defined in the space Rn is considered. It is described by a system of
nonlinear ordinary differential equations of the form

ẏ1 = −a11y1 + b11f11(y1) + b12f12(y2) + · · · + b1nf1n(yn) + c1,

ẏ2 = −a22y2 + b21f21(y1) + b22f22(y2) + · · · + b2nf2n(yn) + c2,

...
ẏn = −annyn + bn1fn1(y1) + bn2fn2(y2) + · · · + bnnfnn(yn) + cn.

(4)

We assume that aii > 0 for i = 1, . . . , n, the functions fij(yj), i, j = 1, . . . , n,
are not necessarily differentiable, and that system (4) has a unique equilibrium
point

M0 = (y01, y
0
2, . . . , y

0
n),

which is determined as the solution of the algebraic system
−a11y1 + b11f11(y1) + b12f12(y2) + · · · + b1nf1n(yn) + c1 = 0,

−a22y2 + b21f21(y1) + b22f22(y2) + · · · + b2nf2n(yn) + c2 = 0,

...
−annyn + bn1fn1(y1) + bn2fn2(y2) + · · · + bnnfnn(yn) + cn = 0.

To study the stability of the equilibrium point M0, we perform a translation
of the coordinate system that shiftsM0 to the origin by introducing the change
of variables

yi = xi + y0i , i = 1, . . . , n. (5)

After the change of variables (5), system (4) is transformed into a system of
perturbation equations of the form

ẋ1 = −a11x1 + b11F11(x1) + b12F12(x2) + · · · + b1nF1n(xn),

ẋ2 = −a22x2 + b21F21(x1) + b22F22(x2) + · · · + b2nF2n(xn),

...
ẋn = −annxn + bn1Fn1(x1) + bn2Fn2(x2) + · · · + bnnFnn(xn).

(6)

Here the nonlinear functions Fij are defined by

Fij(xj) = fij(xj + y0j ) − fij(y
0
j ), i, j = 1, . . . , n.

By construction, Fij(0) = 0 for all i, j = 1, . . . , n.
Thus, the problem of studying the stability of the equilibrium point

M0 = (y01, y
0
2, . . . , y

0
n)
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and the convergence of solutions to this point is reduced to the analysis of the
stability of the zero equilibrium point

O = (0, 0, . . . , 0)

of system (6).
Assume that the functions Fij(xj), i, j = 1, . . . , n, satisfy the so-called sector

conditions:

0 < Fij(xj) < Lijxj for xj > 0, Lijxj < Fij(xj) < 0 for xj < 0, Fij(0) = 0.

These conditions can be written in a more compact form as(
Lijxj − Fij(xj)

)
Fij(xj) > 0, i, j = 1, . . . , n. (7)

If conditions (7) are satisfied, sufficient conditions for asymptotic stability
and convergence estimates can be obtained using a Lyapunov function of the
Lurie–Postnikov type. Since the linear part of system (6) is diagonal, the
Lyapunov function is constructed as a sum of quadratic terms and integral
terms with constant coefficients,

V (x1, x2, . . . , xn) =
n∑

i=1

hiix
2
i +

n∑
i=1

xi∫
0

n∑
j=1

γjiFji(s) ds, hii > 0. (8)

Consider systems subject to the sector constraints (7). System (6) can be
rewritten in the form

ẋi(t) = −aiixi(t) +
n∑

j=1

bijFj

(
xj(t)

)
, i = 1, . . . , n. (9)

For system (9), we choose the Lyapunov function in the form (8).
Let us introduce the following notation

F2(t) =


F21

(
x1(t)

)
F22

(
x2(t)

)
...

F2n

(
xn(t)

)
 , . . . , Fn(t) =


Fn1

(
x1(t)

)
Fn2

(
x2(t)

)
...

Fnn

(
xn(t)

)
 ,

S(h, γ) =


S11 S12 S13 · · · S1(n+1)

ST
12 S22 S23 · · · S2(n+1)

ST
13 ST

23 S33 · · · S3(n+1)
...

...
...

. . .
...

ST
1(n+1) ST

2(n+1) ST
3(n+1) · · · S(n+1)(n+1)

 ,

S11(h) =


2h11a11 0 0 · · · 0

0 2h22a22 0 · · · 0
0 0 2h33a33 · · · 0
...

...
...

. . .
...

0 0 0 · · · 2hnnann

 ,

123



STABILITY AND CONVERGENCE IN NEURODYNAMICS

S22(γ) =


−γ11b11 −1

2γ11b12 0 · · · −1
2γ11b1n

−1
2γ11b21 0 0 · · · 0

0 0 0 · · · 0
...

...
...

. . .
...

−1
2γ11b1n 0 0 · · · 0

 ,

S33(γ) =


0 −1

2γ22b21 0 · · · 0
−1

2γ22b21 −γ22b22 0 · · · −1
2γ22b2n

0 0 0 · · · 0
...

...
...

. . .
...

0 −1
2γ22b2n 0 · · · 0

 ,

S(n+1)(n+1)(γ) =


0 0 · · · −1

2γnnbn1
0 0 · · · −1

2γnnbn2
0 0 · · · 0
...

...
. . .

...
−1

2γnnbn1 −1
2γnnbn2 · · · −γnnbnn

 ,

S12 =


1
2γ11a11 − h11b11 −h11b12 · · · −h11b1n

0 1
2γ12a22 · · · 0

...
...

. . .
...

0 0 · · · 1
2γ1nann

 ,

S13(h, γ) =


1
2γ21a11 0 · · · 0
−h22b21 1

2γ22a22 − h22b22 · · · −h22b2n
...

...
. . .

...
0 0 · · · 1

2γ2nann

 ,

S1(n+1)(h, γ) =


1
2γn1a11 0 · · · 0

0 1
2γn2a22 · · · 0

...
...

. . .
...

−hnnbn1 −hnnbn2 · · · 1
2γnnann − hnnbnn

 ,

S23(γ) =


−γ21b11 0 · · · 0

−1
2γ21b12 −

1
2γ12b21 −1

2γ12b22 · · · −1
2γ12b2n

...
...

. . .
...

−1
2γ21b1n 0 · · · 0

 ,

S2(n+1)(γ) =


−γn1b11 0 · · · 0
−1

2γn1b12 0 · · · 0
...

...
. . .

...
−1

2γn1b1n − 1
2γ1nbn1 −1

2γ1nbn2 · · · −1
2γ1nbnn

 ,

S3(n+1)(γ) =


0 −1

2γn2b21 · · · 0
0 −1

2γn1b22 · · · 0
...

...
. . .

...
−1

2γ2nbn1 −1
2γ2nbn2 −

1
2γ2nbn2 · · · −1

2γ2nbnn

 ,
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S1 =



S1
11 S1

12 S1
13 · · · S1

1(n+1)(
S1
12

)T
S1
22 S1

23 · · · S1
2(n+1)(

S1
13

)T (
S1
23

)T
S1
33 · · · S1

3(n+1)
...

...
...

. . .
...(

S1
1(n+1)

)T (
S1
2(n+1)

)T (
S1
3(n+1)

)T · · · S1
(n+1)(n+1)


,

S1
11 =


0 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

 , S1
22 =


ω11 0 · · · 0
0 ω12 · · · 0
...

...
. . .

...
0 0 · · · ω1n

 ,

S1
33 =


ω21 0 · · · 0
0 ω22 · · · 0
...

...
. . .

...
0 0 · · · ω2n

 , S1
(n+1)(n+1) =


ωn1 0 · · · 0
0 ωn2 · · · 0
...

...
. . .

...
0 0 · · · ωnn

 ,

S1
23 =


0 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

 , S1
2(n+1) =


0 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

 , S1
3(n+1) =


0 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

 .

S1
12 =


−1

2ω11L11 −1
2ω12L12 · · · −1

2ω1nL1n

0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

 ,

S1
13 =


0 0 · · · 0

−1
2ω21L21 −1

2ω22L22 · · · −1
2ω2nL2n

...
...

...
. . .

...
0 0 0 · · · 0

 ,

S1
1(n+1) =


0 0 · · · 0
0 0 · · · 0
...

...
. . .

...
−1

2ωn1Ln1 −1
2ωn2Ln2 · · · −1

2ωnnLnn

 . (10)

The following result holds.

Theorem 1. Let there exist constants hi, γij, and ωij, i, j = 1, . . . , n, such that
the matrix (S +S1) is positive definite. Then the zero solution of system (9) is
globally asymptotically stable.

Proof. It follows from representation (8) that the function V (x1, x2, . . . , xn) is
positive definite. Let us compute its total derivative along the trajectories of
the system.
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It has the form

d

dt
V
(
x1(t), x2(t), . . . , xn(t)

)
=
∂V
(
x1(t), x2(t), . . . , xn(t)

)
∂x1(t)

ẋ1(t)

+
∂V
(
x1(t), x2(t), . . . , xn(t)

)
∂x2(t)

ẋ2(t) + · · · +
∂V
(
x1(t), x2(t), . . . , xn(t)

)
∂xn(t)

ẋn(t).

Or

d

dt
V
(
x1(t), x2(t), . . . , xn(t)

)
=

=
(

2h11x1(t) + γ11F11

(
x1(t)

)
+ γ21F21

(
x1(t)

)
+ · · · + γn1Fn1

(
x1(t)

))
×
(
−a11x1(t) + b11F11

(
x1(t)

)
+ b12F12

(
x2(t)

)
+ · · · + b1nF1n

(
xn(t)

))
+
(

2h22x2(t) + γ12F12

(
x2(t)

)
+ γ22F22

(
x2(t)

)
+ · · · + γn2Fn2

(
x2(t)

))
×
(
−a22x2(t) + b21F21

(
x1(t)

)
+ b22F22

(
x2(t)

)
+ · · · + b2nF2n

(
xn(t)

))
+ . . .+

+
(

2hnnxn(t) + γ1nF1n

(
xn(t)

)
+ γ2nF2n

(
xn(t)

)
+ · · · + γnnFnn

(
xn(t)

))
×
(
−annxn(t) + bn1Fn1

(
x1(t)

)
+ bn2Fn2

(
x2(t)

)
+ · · · + bnnFnn

(
xn(t)

))
.

By expanding the corresponding expressions, we obtain the following equality:

d

dt
V
(
x1(t), x2(t), . . . , xn(t)

)
= Σ1 + Σ2 + · · · + Σn,

where

Σ1 = −2h11a11x
2
1(t) − a11x1(t)

n∑
j=1

γj1Fj1

(
x1(t)

)

+ 2h11b11x1(t)F11

(
x1(t)

)
+ b11

n∑
j=1

γj1
(
Fj1

(
x1(t)

))2

+

n∑
k=2

(
2hkkbkkxk(t)Fkk

(
xk(t)

)
+ bkk

n∑
j=1

γjk
(
Fjk

(
xk(t)

))2)

+
n∑

k=2

n∑
j=1

γj1b1kFjk

(
xk(t)

)
Fj1

(
x1(t)

)
,
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Σ2 = −2h22a22x
2
2(t) − a22x2(t)

n∑
j=1

γj2Fj2

(
x2(t)

)

+
n∑

k=1

(
2h22b2kx2(t)F2k

(
xk(t)

)
+ b2k

n∑
j=1

γj2F2k

(
xk(t)

)
Fj2

(
x2(t)

))
,

and

Σn = −2hnnannx
2
n(t) − annxn(t)

n∑
j=1

γjnFjn

(
xn(t)

)

+
n∑

k=1

(
2hnnbnkxn(t)Fnk

(
xk(t)

)
+ bnk

n∑
j=1

γjnFnk

(
xk(t)

)
Fjn

(
xn(t)

))
.

Using the notation (10), we rewrite the expression for the total derivative of
the Lyapunov function in the quadratic form

d

dt
V
(
x1(t), x2(t), . . . , xn(t)

)
= −

(
xT (t), F T

1 (t), F T
2 (t), . . . , F T

n (t)
)
S
(
xT (t), F T

1 (t), F T
2 (t), . . . , F T

n (t)
)T
.

However, due to the introduction of the variables x(t) and Fi(t), i = 1, . . . , n,
the dimension of the matrix S increases significantly, and even in the scalar
case this matrix is not positive definite. Therefore, we employ the additional
sector conditions (7) and rewrite the total derivative of the Lyapunov function
for i, j = 1, . . . , n, ωij > 0, in the form

d

dt
V
(
x1(t), x2(t), . . . , xn(t)

)
= −


x(t)
F1(t)
F2(t)
...

Fn(t)


T

S


x(t)
F1(t)
F2(t)
...

Fn(t)


+

n∑
i,j=1

ωij

(
Lijxj − Fij(xj)

)
Fij(xj) −

n∑
i,j=1

ωij

(
Lijxj − Fij(xj)

)
Fij(xj).

Introducing the first sum into the quadratic form, we obtain

d

dt
V
(
x1(t), x2(t), . . . , xn(t)

)
= −

(
xT (t), F T

1 (t), F T
2 (t), . . . , F T

n (t)
)

× (S + S1)
(
xT (t), F T

1 (t), F T
2 (t), . . . , F T

n (t)
)T

−
n∑

i,j=1

ωij

(
Lijxj − Fij(xj)

)
Fij(xj), ωij > 0. (11)
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Using the sector conditions (7), the second term in (11) is nonpositive. Hence,
we obtain the inequality

d

dt
V
(
x1(t), x2(t), . . . , xn(t)

)
≤ −

(
xT (t), F T

1 (t), F T
2 (t), . . . , F T

n (t)
)

× (S + S1)
(
xT (t), F T

1 (t), F T
2 (t), . . . , F T

n (t)
)T
.

If the matrix S + S1 is positive definite, then the total derivative of the
Lyapunov function is negative definite. Consequently, the zero solution of the
system of perturbation equations is asymptotically stable.

�

Remark 1. It should be noted that the total derivative of the Lyapunov func-
tion depends both on the system parameters, which are specified in advance,
and on the parameters hi, γij , and ωij , i, j = 1, . . . , n, which can be chosen
arbitrarily in the process of establishing stability. Therefore, finding explicit
stability conditions for the zero equilibrium point of the system, which corre-
sponds to the learning condition, reduces to determining conditions under which
the matrix sum S + S1 is maximally positive definite. Hence, the problem of
stability analysis, that is, the problem of convergence of learning processes, can
be reduced to a quadratic optimization problem [2,3].

5. Discussion
• The main finding is a Lyapunov-based sufficient condition ensuring
global asymptotic stability of the zero solution of the perturbation sys-
tem under sector constraints, formulated via positive definiteness of the
matrix (S + S1).

• The results are consistent with the classical Hopfield-network view-
point [1] and complement related optimization-oriented approaches to
stability verification [2, 3].

• A limitation is that the conditions are sufficient and may be conser-
vative; additionally, the verification and maximization of positive defi-
niteness of (S + S1) may be computationally demanding for very large
number n.

• These limitations motivate future research on less conservative criteria,
scalable numerical tests, and an explicit extension of the presented
matrix conditions to delayed neurodynamic models.

• The obtained conditions provide a constructive guideline for select-
ing parameters and designing interconnection structures that guarantee
convergence of learning dynamics.

6. Conclusion
Sufficient Lyapunov-type conditions for stability and convergence of neuro-

dynamic models are derived; in particular, global asymptotic stability is guar-
anteed when the matrix (S+S1) is positive definite under the sector constraints.
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