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ABSTRACT. The aim of the article is to derive sufficient conditions for
stability and convergence of solutions to systems of differential equa-
tions that model neurodynamic processes, in particular the learning
and operation dynamics of Hopfield neural networks. The analysis of
asymptotic stability and convergence is based on Lyapunov’s second
method. Appropriate Lyapunov functions are constructed for the
considered models, estimates for the derivative along trajectories are
obtained, and conditions are formulated under which trajectories ap-
proach stationary regimes. The proposed approach extends the clas-
sical stability theory, which typically focuses on the stability of an
individual trajectory (most often an equilibrium point), to the case
of neurodynamic processes. Sufficient conditions for asymptotic sta-
bility of equilibrium states and for convergence of solutions to these
equilibria are derived for systems of differential equations describing
neurodynamic dynamics. For Hopfield network models, criteria are
established that guarantee the decrease of a corresponding Lyapunov
functional and, consequently, the convergence of learning and oper-
ating processes to stationary regimes. The obtained conditions are
presented in a form suitable for verification in terms of model pa-
rameters and properties of the interconnection matrix. The derived
stability and convergence criteria can be used in the design and tun-
ing of Hopfield neural networks and related neurodynamic models to
ensure guaranteed convergence of the learning process and stability
of operating modes, as well as for parameter selection and validation
in applied problems of information processing and optimization.

© T.I. Ilakorbko, 2026. This is an open-access article distributed under the terms of
Creative Commons Attribution Licence (CC BY).
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AHOTALIISA. MeToro crarTi € OTPUMAaHHS JIOCTATHIX YMOB CTIKOCTI
Ta, 3013KHOCTI PO3B’SI3KIB cucTeM AU EPEHIIATLHAX PIBHIHD, 110 MOJIE-
JIFOFOTB IIPOIIECU HEHPOIMHAMIKHI, 30KpEeMa IIPOIeCH HaBUYaHHS Ta (PyHK-
[iOHYBaHHs HepoHHUX Mepexk londinna. s ananisy acumorornd-
HOI CTIMKOCTI Ta 30i’KHOCTI BHUKOPHUCTAHO amapaTr APYroro MeTOIy
JIanymosa: mobymoBano dyHkIil JIamyHoBa fAj1st BiIOBI THIX MOJIeelt,
OTPUMAHO OIHKH IOXiTHOI B3/I0BXK TPAEKTOPiil Ta cHopMyILOBAHO
YMOBH, 3a SKUX TPAEKTOPIl NPSIMYIOTH JO CTAIlIOHAPHUX PEXKUMIB.
Y3araJibHEeHO TiIXi/T KJIACHIHOI Teopil CTIIKOCTI, sIKa 3a3BU4ail 30ce-
PEIKYETbCA Ha CTIiKoCTI OKpemol TpaekTopil (IepeBazkHO TOYKU
piBHOBAru), Ha BUIIQJIOK JMHAMIYHUX [IPOIECiB HefipojauHamiku. Bu-
BEJIEHO JIOCTATHI YMOBU aCUMIITOTHYHOI CTIMKOCTI PIBHOBasKHUX CTa-
HIB Ta YMOB 3012KHOCTI PO3B’sI3KiB JI0 HUX J[JIsi CUCTeM Jir(DepeHIiaib-
HUX PIBHSAHD, IO OMUCYIOTH HelpoauHamivni nporecu. s Monemneit
HelpOHHUX Mepexk [ondisa BCTaHOBIEHO KPUTEPIl, siKi rapaHTyIOTh
cuamands BiamosimHoro dyukiionany Jlaoyrosa Ta, SK HACIIOK,
30iKHICTh TTPOTIECiB HABYAHHS i (DYHKITIOHYBAHHS MEPEXKi JI0 CTAITiO-
HapHuX pexkuMiB. OTpuMaHi yMOBE 1TO1aHO y (DOPMI, IIPUJIATHIM JJTst
MEepEeBipKH 3a MapaMeTpaMu MOJIEi Ta XapaKTePUCTUKAMU MaTPUIT
3B’s3kiB. CdopmysiboBani Kpurepil cTifiKoCTi Ta 3012KHOCTI MOXKYTh
Oy TV BUKOPUCTAHI i 9ac MPOEKTYBAHHS 1 HAJAIITYBAHHS HEHPOHHIX
Mepexk lomndinma Ta cnopigHeHNX HEHPOIUHAMIYTHUX MOJIETEH JIIs
3abe3ITeveHHsT TapaHTOBAHOI 3012KHOCTI TIPOIECY HABYAHHS i CTabiTb-
HOCTI pexXMMiB PODOTH, & TAKOXK JJIsi aHAJI3y KOPEKTHOCTI BHOODY
mapaMerpiB y NMPUKJIaIHUX 3a1ad9aX 00pobku irdopmarii Ta onTumi-
3aIri.

KJ/TFOYOBI CJIOBA: mudepenmiaabHi piBHSHHS, CTIfKiCTh, HEHPOIU-
HaMmika, mepexa [omndisa.

1. INTRODUCTION

The area of research in which neural networks are studied as nonlinear dy-
namical systems, with primary emphasis on stability and convergence problems,
is referred to as neurodynamics. Classical stability theory typically addresses
the stability of an individual trajectory, usually an equilibrium point. Accord-
ingly, most traditional models focus on dynamical systems — differential or
difference equations — with a single equilibrium.

When systems possess multiple equilibrium points, the concept of struc-
turally stable (rough) systems arises. While necessary and sufficient conditions
for structural stability are known for planar nonlinear systems, no such gen-
eral criteria exist for high-dimensional systems. The systems of equations that
describe neurodynamic processes are typically of very high dimension, which
makes the direct application of classical stability methods problematic. In par-
ticular, traditional analytical techniques face fundamental difficulties caused by
high dimensionality.
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For this reason, neurodynamic models are often treated as weakly nonlinear
systems, that is, systems with a distinguished linear part and nonlinearities
confined to a sufficiently small sector.

In the case of sufficiently weak nonlinearity, the global stability of the equilib-
rium of the nonlinear system follows from the asymptotic stability of its linear
approximation. Consequently, the convergence of learning processes can also
be guaranteed.

The next important aspect in the study of neurodynamic processes is the
presence of an aftereffect, or time delay. Real processes do not occur instan-
taneously; therefore, neglecting delay effects may lead to incorrect conclusions
when analysing the dynamics of learning and pattern recognition [1].

In this paper, we derive conditions for the stability and convergence of solu-
tions to systems of differential equations that describe neurodynamic processes.

For the study of the asymptotic stability of learning processes and the func-
tioning of Hopfield neural networks, Lyapunov’s second method is employed.
The analysis is carried out in two stages: first, the Hopfield model is considered;
second, the corresponding class of nonlinear dynamical systems in the space R™
is investigated.

2. LITERATURE REVIEW

The foundational neurodynamic model of associative memory is the Hopfield
neural network, introduced and analysed from a dynamical-systems viewpoint
in |1]. Approaches to global stability of weakly nonlinear systems under sector
constraints and Lyapunov-function constructions of the Lurie—Postnikov type
are widely used in nonlinear control and neurodynamics, and their computa-
tional verification aspects motivate optimization-based formulations; see, for
instance, [2,3].

2. THE AIM OF THE ARTICLE

The aim of the article is to derive conditions for the stability and convergence
of solutions to systems of differential equations that describe neurodynamic
processes, in particular the learning and operation dynamics of Hopfield neural
networks.

3. METHODS

The study is based on Lyapunov’s second method. The models are reduced
to perturbation form near the equilibrium by a translation of variables, and
nonlinearities are assumed to satisfy sector conditions.

A Lyapunov function of the Lurie-Postnikov type is constructed as a sum of
quadratic terms and integral terms.

The total derivative of the Lyapunov function along trajectories is rewritten
as a quadratic form involving an augmented matrix, and sufficient conditions
for global asymptotic stability are obtained from the positive definiteness of a
matrix sum that incorporates additional sector constraints.
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4. RESULTS

1. Hopfield Model. The Hopfield neural network consists of a set of neu-
rons forming a system with multiple feedback connections, where the number
of feedbacks equals the number of neurons. The output of each neuron is fed,
through a unit delay element, to all other neurons in the network, while self-
feedback connections are absent |1, p. 856].

Under these assumptions, the dynamical equations of the network can be
written in the form

Ci0i(t) =

i (v;(t)) + L, (1)

A Hopfield network possesses a dynamlcal equilibrium if its input corresponds
to a pattern that is mapped onto itself. From a physical viewpoint, the total
energy of the system at such a state attains a minimum. The corresponding
energy function, which serves as a Lyapunov function, can be represented as
the sum of kinetic and potential energy terms,

Z WiYi Y5 + Z Ok Yk (2)

,j=1
As follows from the theorems of Lyapunov’s second method, the stationary
state of the network is asymptotically stable if the Lyapunov function is positive
definite and its total derivative along the system trajectories is negative definite.
In this paper, we investigate continuous Hopfield neural networks (CHNNs)
without delay of the form |1]

Clyl(t) = _7yl + ZU’L]@ y] +1L, t>0, 1=1,...,n,

whereas, if the signal processing time is taken into account, systems of differential-
difference equations with delay are considered,

. 1 g .
Clyl(t) = _Eyi(t) + Zvijgpj (yj(t — ’7')) + Il', t> O, 1=1,...,n. (3)

Here n denotes the number of neurons in the network, vector

y(t) = (yl(t)7 yQ(t)7 s 7y'fl(t))—r

is the network state vector at time ¢ > 0, and R;, C;, and I;, i = 1,...,n,
are the resistance, capacitance, and external input current of the i-th neuron,
respectively.
By introducing the substitutions
1 Vij Ii
a; = ——, bji = —, = —, ,7=1,...,n,
i chz ij Cz ) Cz J

systems and (| @ can be reduced to the standard form
Ui(t) = —a;y;i(t) —|—Zbl]g0 y;(t —i—cl, t>0, 1=1,...,n.

121



STABILITY AND CONVERGENCE IN NEURODYNAMICS

If the delay time is taken into account, the corresponding system takes the
form

n
yz(t) :—aiyi(t)—i-Zbing(yj(t—T))+Ci, t>0, 1=1,...,n.
j=1

2. Systems in R"™. In the general case, a dynamical model of a neural
network defined in the space R" is considered. It is described by a system of
nonlinear ordinary differential equations of the form

U1 = —anyr + b fii(yr) + biafia(y2) + - - - + bin fin(yn) + c1,
U2 = —ay2 + ba1 fa1(y1) + baa faa(y2) + - - - + ban fon(yn) + c2,

(4)

yn = —QnpYn + bnlfnl(yl) + bn2fn2(y2) + -+ brmfnn(yn) + cp.-

We assume that a; > 0 for i = 1,...,n, the functions f;;(y;), 4,7 =1,...,n,
are not necessarily differentiable, and that system has a unique equilibrium
point

MO = (y?v ygv cee 7y2)7
which is determined as the solution of the algebraic system
—a11y1 + b fii(yr) + biafiz(y2) + - - - + binfin(yn) + 1 =0,
—ay2 + ba1 f21(y1) + b2z fa2(y2) + - - - + ban fon(yn) + c2 =0,

—ApnYn + bnlfnl(yl) + bn2fn2(y2) +---+ bnnfnn(yn) +c, =0.

To study the stability of the equilibrium point M, we perform a translation
of the coordinate system that shifts My to the origin by introducing the change
of variables

yi:a;i—i—y?, i=1,...,n. (5)

After the change of variables (|5, system is transformed into a system of
perturbation equations of the form

1 = —anxi + b Fii(xy) + biaFia(z2) + -+ - + bin Fin(xn),
Tg = —agexa + bo1 Fo1(x1) + baaFao(x2) + - - - + bop Fop (),

Ty = —QpnTn + bannl(xl) + bn2Fn2(w2) + -+ bnnan(fL'n)
Here the nonlinear functions Fj; are defined by

By construction, Fj;(0) =0 for all4,j =1,...,n.
Thus, the problem of studying the stability of the equilibrium point

MO = (y??yga s 7y2)
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and the convergence of solutions to this point is reduced to the analysis of the
stability of the zero equilibrium point

0 = (0,0,...,0)
of system @
Assume that the functions Fj;(z;), 4,5 = 1,...,n, satisfy the so-called sector
conditions:

0< Fij(xj) < Lijl'j for T > 0, Lijxj < Fl'j(Ij) <0 for zj < 0, Fij(()) =0.
These conditions can be written in a more compact form as
(Lijzj — Fij(z;)) Fij(z;) >0,  i,j=1,...,n (7)

If conditions are satisfied, sufficient conditions for asymptotic stability
and convergence estimates can be obtained using a Lyapunov function of the
Lurie—Postnikov type. Since the linear part of system @ is diagonal, the
Lyapunov function is constructed as a sum of quadratic terms and integral
terms with constant coefficients,

Py
n

V(l‘l,I‘Q, ey xn) = Z hul‘? + Z / Z’}/ﬂFji(S) dS, h“ > 0. (8)
=1 i=1 0 7j=1

Consider systems subject to the sector constraints . System @ can be
rewritten in the form

Z‘Z(t) = —aiixi(t) + Z biij (.%'j(?f)), 1=1,...,n. (9)
j=1

For system @D, we choose the Lyapunov function in the form .
Let us introduce the following notation

F21($1(t)§ Foi(21(t))
Fao (z2(t) Fra(za(t))
2 - : ) ) n(t) - : )
an(:zrn(t)) an(:cn(t))
S S12 S13 o St
Sty Sa2 Sag o St
Shoy)=| S5 Swo Smo o Sy |
Slnt) Samin) Ssman 0 Smrn)mt)
2h11a11 0 0 0
0 2h22a22 0 0
Sll(h) — 0 0 2h33a33 0 ,

123



STABILITY AND CONVERGENCE IN NEURODYNAMICS

—yibin —3711biz 0 —3711b1n
— 1y 0 0 - 0
Sga(y) = 0 0 o --- 0 7
—3711b1n 0 0 - 0
) 0 —179ba1 O - X 0
—5722b21 —7y22b22 0 - —35722b9,
S33(7) = 0 0 0 - 0 ;
0 —3929bo, O - 0
0 0 T _l')/rmbnl
0 0 e _QVnnan
Syt (V) = 0 0 0 )
1 1
_§’Ynnbn1 _§’Ynnbn2 ot ~Ynnbnn
$yan — hitbin —hibiz o+ —hiibi,
iy — 0 3vi2a22 - 0
0 0 T %Vlnann
5721011 ) 0 0
—hagba1 3722022 — hasboa -+ —haobe
S13(h,7y) = . ? ) -
0 0 T %’72nann
$Yn1011 ) 0 0
0 5Vn2022 - 0
S1(n+1)(h,7) = .
_hnnbnl _hnnan e %’Ynnann - hnnbnn
—721b11 0 e 0
—3921b12 — Avi2bar  —Fvibos 0 —3712bon
523(’}/) = . . . . )
—3721b1n 0 N 0
_1%1511 0 .. 0
—3Yn1b12 0 0
52(n+1)(’Y) = . . .
1 1 1 1
_Q’Ynlbln - 2'71nbn1 _2’71nbn2 T _271nbnn
0 — 2 Vn2ba1 0
0 —5Yn1b22 0
S3(n+1)(’Y) = . . . .
1, b I VY 5 1 b R YN
372n0n1 272n0n2 — 572n0n2 372n0nn
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Sh S Sis v Sl
T
(St2) S5 S3s Sy
T T
Sy = (S13) (S33) S S31(n+1) ;
1 T 1 T 1 T 1
(Sl(n+l)) (S2(n+1)) (53(77,—‘,-1)) S(n+1)(n+1)
0 0 0 w11 0 0
1 0 0 0 1 0 w12 0
St = ; Sy = : . )
0 0 0 0 0 Win
wop O . 0 w1 0 .- 0
0 wy -+ 0 0 wp -+ 0
S§3 - : o : ’ S(1n+1)(n+1) - : : - : ’
0 0 Wan 0 0 Wnn
0 0 0 0 0 0 0 0
. 00 0 L 00 --- 0 L 0 0
Sa3 = A SQ(TLH): A S3(n+1): :
00 --- 0 00 --- 0 0 0
—twinLin —iwialis - —iwinLi,
. 0 0 . 0
312 — . : . . ?
0 0 0
0 0 0
) — 2w Lot —iwanLoo —JwanLon
513 = . : ’
0 0 0 0
0 0 0
) 0 0 . 0
Sitnt1) = : : 5 ; : (10)
_%Wnanl _%Wn2Ln2 e _%WnnLnn
The following result holds.
Theorem 1. Let there exist constants h;, v;j, and w;j, 1,j = 1,...,n, such that

the matriz (S + S1) is positive definite. Then the zero solution of system @ s
globally asymptotically stable.

Proof. 1t follows from representation that the function V(z1,z9,...,x,) is
positive definite. Let us compute its total derivative along the trajectories of
the system.
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It has the form

d OV (z1(t), za(t), .. ., zn(t))

%V( 1(t), z2(t), . . ., zn(t)) = D1 (0) i1 (1)
N oV (xl(t),;iit&,). .. ,xn(t)) ba(t) -+ oV (xl(t),;;it()g) . xn(t)) (D).
Or

d

—V t
LY (a(t),22(0), .. 2a0)) =
(2h119€1 )+ 11 F11 (21(2)) + vor For (21 (2t

X t)) + biaFia(za(t

(z1(1)) (z1(

( a1z () + biy Py (1(1)) (2a(

+ <2h22x2 + 12 Fua (22(t)) + Yoz Faa (a2t

x ( 222 (t) + b1 Foy (21(t)) + boo Fas (2ot
T

+ (2h,mxn(t) + Y10 Fin (20 (1)) + YanFon (Tn(t)) + -+ + Yon Fun (T (t)))

X (_ann$n(t) + b1 Fn1 (331 (t)) ~+ bpaFpo (~7/'2(t)) 4+ b Fun (xn(t))> .

By expanding the corresponding expressions, we obtain the following equality:

d

&V(m( ), 22(t), .., 2n(t)) = 514+ Ba + -+ + 5y,

where

Y1 = —2hiranzi(t) — aya (t E’Ygngl x(t

+ 2h11b1121 () Fii (21(8)) + b Z vi1 (Fin ($1(t)))2
=

+ Z <2hkkbkk$k(t)Fkk (k) + bri Z ik (i (xk(t)))2>

k=2 j=1

+ZZ%1b1k e (@i () Fji(z1(t)),

k=2 j=1
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2(
Yo = —2hosagnxs(t) — axnxa(t E V2 Fj2 (za(t

+ Z <2h2252k$2(t) Fop (21 (t)) + b Z Vo For (21 (1)) Fjo (@(ﬂ)) ;

k=1 j=1

and

2
En = _thnannx annxn E ’an n xn

n
+ Z <2hnnbnkwn ) Fo (-Tk(t)) + bk Z 'anFnk ($k (t)) an (xn(t))> .
j=1
Using the notation , we rewrite the expression for the total derivative of
the Lyapunov function in the quadratic form

%V(@"l( t), 2a(t), ..., wn(t))

— —(a7(t), FT (1), (1), ..., FT($)) S («7(t), FL (), FL (1), ..., FX(1)".

However, due to the introduction of the variables z(t) and F(t), i = 1,...,n,
the dimension of the matrix S increases significantly, and even in the scalar
case this matrix is not positive definite. Therefore, we employ the additional
sector conditions @ and rewrite the total derivative of the Lyapunov function
fori,j =1,...,n, w;; >0, in the form

wt)\' [ alt)
J Fi(t) Fi(t)
%V(ml(t),xg(t), L xa(t)) = — (t) S | Fa(t)
Fn(t) Fn:(t)
+ Y wii(Ligzy — Fij(g) Fij(zy) = Y wig(Ligry — Fij () Fij ().
i,j=1 4,j=1

Introducing the first sum into the quadratic form, we obtain

Ly (@1(8), 2(t), .., wnlt))

dt
= —(z"(t), F{ (t), F{ (t), ..., FL(?))
x (S + 51) (a;T(t) FL(@), FE@), ..., FET@)"

- Z wij(Lijzj — Fij(x;)) Fij(w;), wij > 0. (11)
1,j=1
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Using the sector conditions , the second term in ([11)) is nonpositive. Hence,
we obtain the inequality

iV(azl(t),xg(t), (1)

dt
< —(z"@t), F{'(t), F5 (1), ..., FL(t)
X (S +81) (27 (), L (1), FL (1), .., By ()"

If the matrix S 4 S is positive definite, then the total derivative of the
Lyapunov function is negative definite. Consequently, the zero solution of the

system of perturbation equations is asymptotically stable.
O

Remark 1. It should be noted that the total derivative of the Lyapunov func-
tion depends both on the system parameters, which are specified in advance,
and on the parameters h;, v;;, and w;j, 7,7 = 1,...,n, which can be chosen
arbitrarily in the process of establishing stability. Therefore, finding explicit
stability conditions for the zero equilibrium point of the system, which corre-
sponds to the learning condition, reduces to determining conditions under which
the matrix sum S + 57 is maximally positive definite. Hence, the problem of
stability analysis, that is, the problem of convergence of learning processes, can
be reduced to a quadratic optimization problem |2,3].

5. DISCUSSION

e The main finding is a Lyapunov-based sufficient condition ensuring
global asymptotic stability of the zero solution of the perturbation sys-
tem under sector constraints, formulated via positive definiteness of the
matrix (S + 57).

e The results are consistent with the classical Hopfield-network view-
point |1] and complement related optimization-oriented approaches to
stability verification |2, 3].

e A limitation is that the conditions are sufficient and may be conser-
vative; additionally, the verification and maximization of positive defi-
niteness of (S 4 S1) may be computationally demanding for very large
number n.

e These limitations motivate future research on less conservative criteria,
scalable numerical tests, and an explicit extension of the presented
matrix conditions to delayed neurodynamic models.

e The obtained conditions provide a constructive guideline for select-
ing parameters and designing interconnection structures that guarantee
convergence of learning dynamics.

6. CONCLUSION

Sufficient Lyapunov-type conditions for stability and convergence of neuro-
dynamic models are derived; in particular, global asymptotic stability is guar-
anteed when the matrix (S+.57) is positive definite under the sector constraints.
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